Abstract. In this paper, we first establish a Schwarz-Pick type theorem for pluriharmonic mappings and then we apply it to discuss the equivalent norms on Lipschitz-type spaces. Finally, we obtain several Landau's and Bloch's type theorems for pluriharmonic mappings.
Introduction and Main Results
Let C n denote the complex normed (Euclidean) space of dimension n. For z = (z 1 , . . . , z n ) ∈ C n , the conjugate of z, denoted by z, is defined by z = (z 1 , . . . , z n ). For z and w = (w 1 , . . . , w n ) ∈ C n , we write z, w := z · w = n k=1 z k w k and |z| := z, z 1/2 = (|z 1 | 2 + · · · + |z n | 2 ) 1/2 .
For a = (a 1 , . . . , a n ) ∈ C n , we set B n (a, r) = {z ∈ C n : |z − a| < r}. Also, we use B n to denote the unit ball B n (0, 1) and let D = {z ∈ C : |z| < 1}. A continuous complex-valued function f defined on a domain G ⊂ C n is said to be pluriharmonic if for each fixed z ∈ G and θ ∈ ∂B n , the function f (z + θζ) is harmonic in {ζ : |ζ| < d G (z)}, where d G (z) denotes the distance from z to the boundary ∂G of G. It follows from [23, Theorem 4.4.9 ] that a real-valued function u defined on G is pluriharmonic if and only if u is the real part of a holomorphic function on G. Clearly, a mapping f : B n → C is pluriharmonic if and only if f has a representation f = h + g, where g and h are holomorphic mappings. For a pluriharmonic mapping f : B n → C, we introduce the notation ∇f = (f z 1 , . . . , f zn ) and ∇f = (f z 1 , . . . , f zn ).
For a proper domain G of C n , let H k (G) denote the class of all pluriharmonic mappings f = h + g defined from G into C such that for any θ ∈ ∂B n , |∇f (z) · θ| ≤ k|∇f (z) · θ| for z ∈ G, where k ∈ (0, 1) is a constant, and both h and g are holomorphic in G.
Let f be a sense-preserving harmonic mapping from D into C. We say that f is a K-quasiregular harmonic mapping if and only if
First we improve the Schwarz-Pick type theorem for K-quasiregular harmonic mappings obtained recently by Chen [4, Theorem 7] . Lemma 1. Let f be a sense-preserving and K-quasiregular harmonic mapping on
Moreover, the first inequality of (1) is sharp when K = 1.
By using Lemma 1, we obtain a Schwarz-Pick type theorem for pluriharmonic mappings which is as follows.
Proofs of Lemma 1 and Theorem 1 will be given in Section 2. A continuous increasing function ω : [0, ∞) → [0, ∞) with ω(0) = 0 is called a majorant if ω(t)/t is non-increasing for t > 0. Given a subset G of C n , a function f : G → C is said to belong to the Lipschitz space Λ ω (G) if there is a positive constant C such that
A majorant ω is said to be regular if it satisfies the conditions (3) and (4) (see [8, 22] ).
Let G be a proper subdomain of C n . We say that a function f belongs to the local Lipschitz space locΛ ω (G) if there is a constant C > 0 satisfying (2) for all z, w ∈ G with |z − w| < general case, and proved that G is a Λ ω -extension domain if and only if each pair of points z, w ∈ G can be joined by a rectifiable curve γ ⊂ G satisfying
with some fixed positive constant C = C(G, ω), where ds stands for the arclength measure on γ. Furthermore, Lappalainen [16, Theorem 4.12] proved that Λ ω -extension domains exist only for majorants ω satisfying the inequality (3).
where the infimum is taken over all rectifiable curves γ ⊂ G joining z 1 and z 2 . We say that f ∈ Λ ω,inf (G) whenever
where C is a positive constant which depends only on f (see [13] ). Dyakonov [8] characterized the holomorphic functions in Λ ω in terms of their modulus. Later in [22, Theorems A and B], Pavlović came up with a relatively simple proof of the results of Dyakonov. Recently, many authors considered this topic and generalized the work of Dyakonov to pseudo-holomorphic functions and real harmonic functions of several variables for some special majorants ω(t) = t α , where α > 0 (see [2, 9, 12, 14, 15, 18, 19, 20, 21] ). By applying Theorem 1, we extend [22, Theorems A and B] to the case of pluriharmonic mappings.
Theorem 2. Let ω be a majorant satisfying (3), and let G be a Λ ω -extension. If f ∈ H k (G) and is continuous up to the boundary ∂G, then
where Λ ω (G, ∂G) denotes the class of continuous functions f on G∪∂G which satisfy (2) with some positive constant C, whenever z ∈ G and w ∈ ∂G.
We remark that Theorems 2 and 3 are the generalizations of [7, Theorem 1] and [7, Theorem 2] , respectively.
To state our final result, we need some preparations. First we recall that a mapping f : Ω → C n is said to be vector-valued pluriharmonic if every component of f is pluriharmonic. Let H(B n , C n ) denote the set of all pluriharmonic mappings from B n into C n . Obviously, a mapping f ∈ H(B n , C n ) is pluriharmonic if and only if f has a representation f = h + g, where g and h are holomorphic mappings B n into C n . It is convenient to identify each point z = (z 1 , . . . , z n ) ∈ C n with an n × 1 column matrix so that
, we denote by ∂f /∂z j the column vector formed by ∂f 1 /∂z j , . . . , ∂f n /∂z j , and
the n × n matrix formed by these column vectors, namely, by the complex gradients ∇f 1 , . . . , ∇f n . Similarly,
the n × n matrix formed by the column vectors ∂f /∂z j for j ∈ {1, . . . , n}. For an n × n matrix A, we introduce the operator norm
For pluriharmonic mappings f : B n → C n , we use the following standard notations (cf. [6] ):
, where u j and v j are real pluriharmonic functions from B n into R. We denote the real Jacobian matrix of f by
R denote the unit ball of R 2n . Then (see [6] )
We use b p h (B n , C n ) to denote the pluriharmonic Bergman space consisting of all pluriharmonic mappings f ∈ H(B n , C n ) such that
where p ∈ (0, ∞), n ≥ 2, dV denotes the Lebesgue volume measure on C n and dV N denotes the normalized Lebesgue volume measure on
and f (B n (0, rρ(r))) contains a univalent ball with the radius
We remark that Theorem 4 is a generalization of [6, Theorem 5] . We now recall that a holomorphic function f : B n → C n is convex in B n if it is one-to-one and the range f (B n ) is a convex domain.
, where
with m 2 ≈ 9.444 and m 3 = 6.75.
Moreover, the range f (B n (0, ρ 1 )) contains a univalent ball with center 0 and radius at least R 1 , where
The precise values of m 2 and m 3 are given in the proof of Theorem 5.
where K (≥ 1) is a constant, f ∈ W 1 n,loc (Ω) means that the distributional derivatives ∂f j /∂x k of the coordinates f j of f are locally in L n and J f (x) denotes the Jacobian of f (cf. [25] ).
where K (≥ 1) and K 1 (> 1) are constants.
Obviously, every (K, K 1 )-pluriharmonic mapping f : B n → C n is called Wu Kmapping if f z ≡ 0 (see [26] ). In fact, holomorphic K-quasiregular mappings are referred to as Wu K 1− 1 n -mappings (cf. [5, 26] ). For a holomorphic mapping f from the unit ball B n into C n , B n (a, r) is called a schlicht ball of f if there is a subregion Ω ⊂ B n such that f maps Ω biholomorphically onto B n (a, r). We denote by B f the least upper bound of radii of all schlicht balls contained in f (B n ) and call this the Bloch radius of f . The classical theorem of Bloch for holomorphic functions in the unit disk fails to extend to general holomorphic mappings in the ball of C n (see [24, 26] ). However, in 1946, Bochner [3] proved that Bloch's theorem does hold for a class of real harmonic quasiregular mappings. Recently, Chen and Gauthier [6] proved that Bloch's theorem also holds for a class of pluriharmonic K-mappings.
In this paper, our last aim is to prove the existence of Bloch's constant for a new class of pluriharmonic mappings. Our result is also a generalization of [5, Theorem 6] . We now state a version of Bloch's theorem for a class of (K, K 1 )-quasiregular pluriharmonic mappings.
contains a schlicht ball with radius at least
where m defined as in Theorem 4.
Proofs of Theorems 2 and 3 will be given in Section 3 while the proofs of Theorems 4, 5 and 6 in Section 4.
Schwarz-Pick lemma for pluriharmonic mappings in B n
Let Ω be a domain in C and ρ > 0 a conformal metric in Ω. The Gaussian curvature of the domain is given by K ρ = −(1/(2ρ))∆ log ρ. We denote by λ(z)|dz| 
Then ds 2 = ρ(z)|dz| 2 . Simple calculations yield
which, together with the definition of K ρ , gives K ρ (z) ≤ −1. Thus, by Lemma A, we have
The proof of the lemma is complete.
Proof of Theorem 1. For each fixed θ ∈ ∂B n , let F (ζ) = f (θζ) in D. Then F is harmonic and |F (ζ)| < 1 on D. It follows that
Hence, Lemma 1 shows that
where z = ζθ. This completes the proof.
Equivalent moduli of continuity for pluriharmonic mappings
Proof of Theorem 2. The implications "f ∈ Λ ω (G) ⇒ |f | ∈ Λ ω (G) ⇒ |f | ∈ Λ ω (G, ∂G)" are obvious. Therefore, we only need to prove the implication: |f | ∈ Λ ω (G, ∂G) ⇒ f ∈ Λ ω (G). In order to prove this, for a fixed z ∈ G, we let
and define the following function:
By a simple calculation, we obtain that for θ ∈ ∂B n ,
which in turn gives
For a fixed ε 0 > 0, there exists a ζ ∈ ∂G such that |ζ − z| < (1
where C is a positive constant. Now we take ε 0 = 1. Then
, where C is a positive constant. Thus for any θ ∈ B n , by (9) and the last inequality, we have
For points z 1 , z 2 ∈ G, let γ ⊂ G be a rectifiable curve which joins z 1 and z 2 satisfying (5). Integrating (10) along γ, we obtain that
Therefore, (5) and (11) 
, where C 1 is a positive constant. This completes the proof.
Proof of Theorem 3.
We need only to prove that |f | ∈ Λ ω,inf (G) ⇒ f ∈ Λ ω,inf (G). Assume that |f | ∈ Λ ω,inf (G) and fix z ∈ G. Then it follows from a similar reasoning as in the proof of the inequality (9) that for θ ∈ ∂B n ,
where M z is defined by (8) . For w ∈ B n (z, d G (z)), there exists a positive constant C such that (13) |f
where [w, z] denotes the straight segment with endpoints w and z. We observe that
which gives
For each w ∈ B n (z, d G (z)), (13) and (14) imply that
From the last inequality, we obtain that
Again, for any z 1 , z 2 ∈ G, by (12) and (15), there exists a positive constant 
Proof of Theorem 4. Fix z ∈ B n and let D z = {ζ ∈ C n : |ζ − z| < 1 − |z|}. Then by Jensen's inequality, for r ∈ [0, 1 − |z|) and p ∈ [1, ∞), we have
Multiplying the formula (16) by 2nr 2n−1 and integrating from 0 to 1 − |z|, we have
n and r ∈ (0, 1), let F (ζ) = r −1 f (rζ). Then
Using [6, Theorem 5] , we obtain that f is injective in B n (0, rρ(r)) with
and f (B n (0, rρ(r))) contains a univalent ball with radius
where m is given by (6) . The proof is complete.
For the proof of Theorem 5, we need the following lemma due to Fitzgerald and Thomas is from [10] .
Lemma D. ([10, Proposition 2.2]) Let f be a convex mapping from B n into C n with f (0) = 0 and f ′ (0) = I n , the n × n identity matrix. Suppose t is a positive integer, θ ∈ ∂B n and r ∈ (0, 1). Then
which shows that f is univalent in B n (0, ρ 1 ). Furthermore, for any z with |z| = ρ 1 , we have
The proof of this theorem is complete.
Proof of Theorem 6. Without loss of generality, we assume that f is pluriharmonic on B n . Otherwise we replace f (z) by f (sz) for some s ∈ (0, 1). Then there exists some z 0 ∈ B n such that (7) and (17), we also have
where
n , let ζ = sθ, where θ ∈ ∂B n and s = |ζ|. Then Then by using [6, Theorem 5], we have f (B n ) contains a schlicht ball with radius at least B f ≥ max 0<t<1 απ 4n t 8m(4M(t)) 4n−1 , where M(t) is as in the statement and m is defined as in Theorem 4.
